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Abstract 

We construct a non-chiral current algebra in two dimensions consistent with conformal 
invariance. We show that the conformal current algebra is realized in non-linear sigma- 
models on supergroup manifolds with vanishing Killing form, with or without a Wess- 
Zumino term. The current algebra is computed using two distinct methods. First we 
exploit special algebraic properties of supergroups to compute the exact two- and three- 
point functions of the currents and from them we infer the current algebra. The algebra 
is also calculated by using conformal perturbation theory about the Wess-Zumino-Witten 
point and resumming the perturbation series. We also prove that these models realize a 
non-chiral Kac-Moody algebra and construct an infinite set of commuting operators that 
is closed under the action of the Kac-Moody generators. The supergroup models that we 
consider include models with applications to statistical mechanics, condensed matter and 
string theory. In particular, our results may help to systematically solve and clarify the 
quantum integrability of PSU{n\n) models and their cosets, which appear prominently 
in string worldsheet models on anti-deSitter spaces. 
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1 Introduction 

Two-dimensional sigma-models on supergroups have applications to a wide range of topics 
such as the integer quantum hall effect, quenched disorder systems, polymers, string theory, 
as well as other domains in physics (see e.g. [H [21 [3l IH [5]). The principal chiral model 
is perturbatively conformal on various supergroups [6l [7| with or without the addition of a 
Wess-Zumino term, and at least to two loop order on their cosets with respect to a maximal 
regular subalgebra [7j. Sigma models on graded supercosets are also believed to be conformal 
[8]. Thus, these models have an infinite dimensional symmetry algebra that should tie in 
with their supergroup symmetry. An extended non-linear symmetry algebra was identified 
in [6] but the representation theory of the algebra seems difficult to establish. Steps towards 
solving these models were made using various techniques [911101 [TT]. In this paper, we exhibit 
a conformal current algebra in these models. The algebra of currents is non-chiral and implies 
conformal symmetry, hence the name. 

The models under discussion enter as the key building blocks in worldsheet sigma-models 
on supersymmetric AdS backgrounds in string theory. The supergroup PSU{1, 1|2) principal 
chiral model corresponds to a supersymmetric AdS^ x background with Ramond-Ramond 
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flux [6l [12]. Since a theory of quantum gravity on asymptotically AdSs space-times, sup- 
plemented with appropriate boundary conditions, exhibits an infinite dimensional conformal 
symmetry algebra [.13], we should be able to construct those generators from the worldsheet 
theory. Indeed, for AdS^ string theory with only Neveu-Schwarz-Neveu-Schwarz flux, it has 
been shown how to construct the space-time Virasoro algebra in terms of the worldsheet 
current algebra |14l [TSl I16j . To perform a similar construction in Ramond-Ramond back- 
grounds, one needs to understand the worldsheet current algebra for two-dimensional models 
with supergroup targets. 

A second application within this context is the extension of our analyis to supercoset 
manifolds, which includes the AdS^ x background of string theory. The worldsheet current 
algebra is tied in with the integrability of the worldsheet theory [TTj. Our work may help 
in systematically exploiting the integrability of the worldsheet model at the quantum level, 
with applications to the solution of the spectrum of planar four-dimensional gauge theories 
(see e.g. [18]) via the AdS/CFT correspondence. 

The plan of the paper is as follows. In section [2] we kick off with a general analysis of two- 
dimensional current algebra operator product expansions that are consistent with locality, 
Lorentz invariance and parity-time reversal. We exhibit a particular current algebra that is 
non-chiral and consistent with conformal invariance. We then move on to exhibit a realization 
of the algebra in a conformally invariant model on a supergroup manifold. 

We calculate perturbatively the current two- and three-point functions of these models in 
section [3l From these correlators we infer the operator product expansions of the currents, 
which are shown to fall into the conformal current algebra class discussed in section [2j In 
section |3] we analyze deformed Wess-Zumino-Witten models on supergroups using confor- 
mal perturbation theory. We compute the operator product expansions of the currents to 
all orders and resum the series, thereby demonstrating that the resulting algebra matches 
the results obtained using purely algebraic properties of the supergroups. We analyze the 
current algebra on the cylinder in terms of a Fourier decomposition in section [5] and show 
the existence of a Kac-Moody subalgebra and an infinite set of commuting operators that 
transform amongst each other under the Kac-Moody subalgebra. In section [6] we discuss 
some applications of the conformal current algebra that we have found and possible future 
directions of work. 

2 Current algebras in two dimensions 

Before we compute the current algebra operator product expansion [19j for supergroup sigma- 
models, it is interesting to analyze the generic operator product expansions (OPEs) involving 
the currents for a two-dimensional model which is local, Lorentz invariant and which respects 
parity-time reversal. 

Previously, the generic two-dimensional current algebra was analyzed in [20] where it was 
applied to an asymptotically free sigma- model - the 0{n) sigma-model. Parity symmetry 
was assumed to be valid in the analysis. Later, a similar analysis was performed |2H [22] for 
massive models with Wess-Zumino-Witten ultraviolet fixed points. In both cases, the study 
was applied to argue for the integrability of the two-dimensional sigma-model in the quantum 
theory. 

The models that we will study have the distinctive feature that they are conformal. 
Moreover, the Wess-Zumino term breaks parity invariance. Therefore, we start by analyzing 
the generic current operator product expansions consistent with locality, Lorentz invariance 
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and PT-invariance only. In the following, we generalize the methodology of |20j . 
2.1 Locality, Lorentz invariance and PT-invariance 

In the absence of parity invariance, the vector representation of the two-dimensional Lorentz 
group splits into two one-dimensional irreducible representations. A current can therefore 
be split into two irreducible representations j+ and j_ of the two-dimensional Lorentz groupH. 
We write the OPEs in terms of these irreducible components, leading to three independent 
OPEs, between the pairs of current components and 

We first analyze the OPE between the components j+ and j^. We take the currents to be 
in the adjoint representation of a symmetry group G of the model: j+ = j'+ta where ta spans 
the Lie algebra of G. We write down the generic OPE in terms of Lorentz invariant coefficient 
functions. Moreover, we assume that the only low-dimensional operators that appear in the 
operator product expansion are the identity operator, the currents and their derivatives. We 
also assume that the currents have conformal dimension one. Thus the previous list of allowed 
operators in the OPE should account for all the terms up to regular ones. The j+J+ OPE is 
then given by: 

jUx)jl{0) ~ a-\x-fd,{x^)+(3''\{x-f [d2{x')x+jl{0) + d3{x')x-f_{0) 
+ei{x'^)x^x~d+ji{0) + e2(2;2)x+x"a_i^(0) 

+es{x^){x+fd+jl{0) + e,{x^){x-fd-f_{0)] +... (2.1) 

where the functions di,ei are functions of the Lorentz invariant x"^ = x^x^. The tensor a""^ 
is an invariant two-tensor in the product of adjoint representations, and /S"*^ represents an 
adjoint representation in the product of two adjoints. We will assume that a"* corresponds 
to a non-degenerate bi-invariant metric k'*'' and that the tensor /3'^*^ is equal to the structure 
constants /"^, of the Lie algebra of G. We take the structure constants to be anti-symmetric 
in its indicecl- We use the fact that we can interchange operator^ to determine that the 
above OPE should be equal to: 

jimjlix) ~ K^"(x-)2dl - f\{x-f{d2X+jl{x) + dsX-j^x) 

— eix^x^d-^-j'L{x) — e2x'^x~d-j^{x) — e3{x^)'^d+j^{x) — e4,{x~)'^d-j'L{x)) 
~ K^'^x-x-di - f''^x-x~{d2X+jl{id) + d:ix-f_{<d) 

+ (ds - ei)x'^x~d+j'L{x) + (^2 - e2)x'^x^d-j^{x) 

+ {d2 - e3)x+x+d+jlix) + ids - ei)x-x-d-f_ix)) (2.2) 

from which we derive the equations: 

ei = d3/2 62 = d2/2 

63 = d2/2 64 = d3/2, (2.3) 

^We work in Lorentzian signature in this section. We define — x ±t and ds^ — ~dt^ + dx^ — dx'^dx~ . 
We denote = x^x~ . 

^More precisely, we take the structure constants to be graded anti-symmetric when G is a supergroup. 
Although the grading is crucial, it will not affect our formulas, except for a plethora of minus signs when 
interchanging operators - these will not influence our final results much. We maintain consistency with the 
grading throughout section 2, but not necessarily through the rest of the paper. 

■'Up to a minus sign for fermionic operators. We see, for example, that the interchange of fermionic 
operators will cancel a minus sign from the grading of the superalgebra when G is a supergroup. 
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which gives rise to the simphfied operator product expansion: 



j-(x)i^(o)~K'^''(x-)^di + r,(x-) 



ab 



d2X+jl{0) + d3X-jl{0) + -^x+x-d+f_{0) 



+ ... 



(2.4) 



The OPE has one free coefficient di (function of x^) at leading order, and two at subleading 
order. We similarly obtain: 



j^(x)£(0) ~ K''''{x+)'^di + P\{X+) 



ab 



d5X-jl{0) + dex+fJO) + ^x+x-9+j- (0) 



+^ix-fd.f_{0) + ^x+x-5_j;(0) + ^(x+fd+jliO) 



+ ... 



(2.5) 



For the OPE between and j- we don't get as many constraints. We find 7 more free 
functions: 

j^(x)i^(0) ~ K'^'dj + r\ [d8X+j;(0) + d^x-f_{Q) + di3X+x-a+ji(0) + di2X+x-5_j;(0) 



+dio(x+)^9+i;(0) +dn(x-)25_i^(0)J + 



(2.6) 



We have a total of 13 free coefficient functions. 



2.2 Current conservation 

We now impose consistency of the operator product expansions of the currents with current 
conservation. We choose the relative normalization of the two components of the currents 
such that the equation of current conservation reads H: 



0. 



(2.7) 



Current conservation implies that one of the coefficients in the j'+J- OPE (namely di2 +c?i3) 
becomes redundant. We check that the OPEs of the current conservation equation (|2.7p with 



^We expect current conservation to only hold up to delta-function contact terms. We therefore do not keep 
track of contact terms in the following. 
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the currents j+ and j_ vanish. That leads to the set of equations [§: 

1 1 c/s 

di + Y< + 24 = 0, d2 + y4 + -4 + ^ = 0, 

^^3 + y 4 + ^4 = 0, 2d3 + yds + (4 " 4i) = 
2(i6 + y 4 + 4o = ' + y 4 + 4i + = > 

1 1 

db + y 4 + 24 + l^d^ = , 

2 

+ y4 + (4 - 4o) + ^^d^- dio) = 
l{d6 - d^) + y (4 - 4) + (42 - 43) + ^{di2 - dis) = , 

^(^2 - rfs) + y (4 - 4) + (4 - 42 - (4 - 43)) + ^(^^8 - du - (dg - dis)) = .(2.8) 

We get a system of twelve first-order differential equations for twelve functions. We will not 
try to solve them in full generality. Instead, we assume that the leading and subleading 
singularities in the OPEs are powerlike. This leads to the following ansatz: 

di{x^) = ci/x^, d2{x'^) = C2/x^, dsix"^) = fi/x^ , 
di{x'^) = cs/x^, = C4/x^, deix"^) = h/x^, 

d7ix') = f2/x\ d^{x^) = h/x\ dgix^) = h/x\ (2.9) 

The coefficient Cj's and /j's are now constant coefficients. Plugging this ansatz into the 
equations (12. Sp . we get the following relations between the coefficients: 

/2 = 0, /4 = /l, /3 = /7 = C4-C2 + /l. (2.10) 



The remaining equations in ()2.8p then allow to solve for the subsubleading coefficient functions 
in the OPEs: 

diQix'^) = ^, dii{x'^) = 0, 

(42 - 43) + ^(du - dis) = (2.11) 

So it only remains to solve for di2{x'^) — di-^^x"^) in terms of the Cj and /i. Denoting C2 — /i = g, 
the general solution to the differential equation (j2.1ip reads: 

duix^) - di^{x^) = ^ + log/x^x^ (2.12) 
X"^ Zx"^ 

where C5 is a constant coefficient and fj, is an arbitrary mass scale. We note that when the 
coefficient g is non-zero, we can absorb the coefficient C5 in a redefinition of the mass scale 



There is no equation corresponding to the operator d^j'^ since the coefficient muhiphes zero. 
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/X. So the OPEs are given in terms of five dimensionless coefficients. Tliey read: 



J+(^)j+(0) 



N2 "T J c 



^^•+(0) + %;^^-^i(0) - f S (0) - a_,;(0)) 



X 



C4 



ii(o) + 



;(o) + 

(C4 - fif) a:^ 



4xH 



+ ... 



j;(o) + f^(5+i^(o)-a_j-(o)) 



jT(x)j1(0)~/ 



aft 



- (c5 + I log/x^x^) (a+ii(0) - (0)) 



+ 



+ ... 



(2.13) 



It would be interesting to search for more general solutions to the set of differential equations. 



2.3 The Maurer-Cartan equation 

In this subsection we show that under certain circumstances, we can obtain further constraints 
on the current algebra. Consider a field g taking values in a Lie group. The one-form dgg~^ 
satisfies the Maurer-Cartan equation 



didgg ^) = dgg ^ Adgg ^ 



(2.14) 



We will get further constraints if we suppose that the components of the current are related 
to the field g in the following way: 



j+ = c+d+gg \ j-= c-d-gg 



-1 



(2.15) 



where c+ and c_ are constant coefficients. The generators of the Lie (super-)algebra satisfy: 
[tajh] = if^ab^c- Then the Maurer-Cartan equation takes the form 



0. 



(2.16) 



We want to ensure that this equation is also valid in the quantum theory. However the 
operator defined as the product of two currents needs to be regularized. For this reason the 
validity of the Maurer-Cartan equation in the quantum theory requires more discussion. 



Normal Ordering 

In the quantum theory, we introduce a normal ordering for composite operators based on a 
point-splitting procedure. The normal ordered product : O1O2 '■ (y) of two operators Oi and 
O2 evaluated at the point y is defined to be the product of the operator Oi at the point x with 
the operator O2 at the point y, in the limit as x approaches y. The regularization amounts 
to dropping the terms that are singular in this limit. For this procedure to be well-defined, 
it is important that the resulting operator is evaluated at the point y. We will denote this 
procedure by 

: O1O2 : (y) = lim Oi{x)02{y) . (2.17) 
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We note that the operators within the normal ordered product : O1O2 ■ do not commut^. 
We will later confirm that a natural choice for the normal ordered Maurer-Cartan equation 
in this scheme i^: 

c^d-jl-c+d+f^-\f\,{: jXt = 0. (2.18) 

Additional constraints from the Maurer-Cartan equation 

As for the current conservation equation, we ask for the OPE between the quantum Maurer- 
Cartan equation (I2.18P and the current to vanish. The first non-trivial constraint is obtained 
for the subleading terms. This leads to a relation between the coefficient of the current 
algebra ci, C2 and g, and the coefficients c+ and c_: 

(c+ + c_)(c2 -5) +«ci = 0. (2.19) 

We similarly find a constraint linking C3, C4 and g to c+ and c_: 

(c+ + c_)(c4-(7)+«C3 = 0. (2.20) 

When we consider concrete models realizing the current algebra, the coefficients c+ and c_ 
can be derived from the Lagrangian. The Maurer-Cartan equation then reduces the number 
of free constant coefficients from five to three. 



2.4 The Euchdean current algebra 

For future purposes, we wish to translate the result we obtained for the current operator 
algebra into euclidean signature. We perform the Wick rotation t — > — ir, and define the 
complex coordinates z = x — iT,'z = x + iT. The current algebra OPEs become 



^jliO) + ic,-g)A^jm 



z 



-|^(a,j§(o) - d,m) + |5.j-(o) + \^f5%1(o) 



+ ... 



j|(z)j|(0)~K'^^C3=2+rc 



1 



+ ... 



-(c5 + |log^2|^P)(a,j£(0)-%-(0)) 



+ ... 



(2.21) 



Later on, we will compare the current algebra operator product expansions in equations (j2.2ip 
to those of a supergroup non-linear sigma-model with Wess-Zumino term. We will find specific 
expressions for the coefficients q and g in terms of the parameters in the Lagrangian. 



^See e.g. [23] for a discussion of this fact in the context of chiral conformal field theories. 
*We use the notation ( — )" — +1 if a is a bosonic index, and —1 if a is a fermionic index. 
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2.5 Conformal current algebra 



It turns out that the above current algebra can become the building unit for a conformal 
algebra when the Killing form of the (super-)group vanished. In that special case the current 
algebra is promoted to a conformal current algebra, namely, the Sugawara stress-energy tensor 
built from the currents satisfies the canonical conformal operator product expansion. The 
terms that in other circumstances spoil conformality are eliminated through the fact that the 
Killing form is zero. The holomorphic component of the stress-energy tensor is 

T{w) = ^:jbj'^:iw), (2.22) 
2ci 

as we will demonstrate^. 



The current as a conformal primary 

First we compute the OPE between the current and its bilinear combination : jbzJz •> using 
a point-splitting procedure: 



jziz) -jbzjz ■■ (w) = lim f^{z) jb,{x)jl{w) 

-.x—fw. L 



(2.23) 



lim 

:x— >ui: 



C2 



ClK 



{z — wY 



+ f 



ab 



z — w 



{z — wY 



At this point we have to perform the OPE between the operators evaluated at the point x 
and the operators evaluated at the point w. Then we take the limit where x goes to w and 
discard the singular terms. We notice already that only the regular terms in the OPEs of the 
second line will contribute to the final result. We get 



fAz):j,J,:{w) 



lim 



Cl 



fziw) 



be 



(z — xy Z — X \{x — wY 



ClK 



cb 



cb ( C23i{w) 



+ {c2-g)- 



X — w 



+ 



+ Cl 



X — w ' ' ' {x — wY 
(c2 - g)rbc{z -x) ( „,fe / (c4 - g)ji{w) , (c2 - g)j^{x) 



[Z — X] 



r 



X — w 



X — w 



C5 + 



3z{w} 

{z — wy 



+ 



'i\bc fa 
J bc- 



,f T ^i,c ra ic2-g)iz- w) ^ .f, 

+ J be 7 To" 

[Z — W)^ 



z-w ■ 

■■ j'zf^ ■■ H ■ 



(2.24) 



'For simple super Lie algebras the vanishing of the Killing form is equivalent to the vanishing of the dual 



Coxeter number. 
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We defined ja — j^Kf,a and 



In the following we also use the convention fabc ~ fab^i^dc 
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Among the remaining terms, many cancel: every contraction of the invariant metric with 
a structure constant gives zero by symmetry, and the double contractions of two structure 
constants are proportional to the Killing form and thus also vanish. We are left with 

t (jU I -o fju \ ' 

+ (C2 - g)ncl^^ ((-1)'^ : J^JI : H+ ■■ ■■ (^)) (2.25) 

The second term vanishes because of the anti-(super)symmetry of the structure constants. 
We can simplify the third term using the Maurer-Cartan identity: 

fM : 3^z3\ : H = 2ci/^^ + 2^(c2 - 5)7^^ {c-m^) " c+dj§{w)) . (2.26) 

[z — wy [z — wy 

By current conservation this can be rewritten as: 



{z — wY 



[z — w) 



(2.27) 



We can now show that the current j'^ is a primary field of conformal weight one. We deduce 
from the previous computation the OPE between the stress-energy tensor and the current 
, by expanding the operators on the right-hand side in the neigbourhood of the point z: 

2ciT{w)r,{z) = 2ci-^^^ + 2ci^^ + 2{-ci+i{c2-g){c^+c+))-^^^ (2.28) 

[w — zy w — z [z — wy 

Using the relation obtained in equation (I2.19p . we finally have 



T{w)fAz) = /'^ \^ + 

[w — zy w — z 



(2.29) 



which shows that the current jz is a primary field of conformal dimension one. It can similarly 
be checked that jz is a conformal primary of dimension zero. 



The stress-energy tensor 

We now want to compute the OPE between T(z) and T{w). This calculation relies on 
the preceeding calculation and on the double pole in the current-current operator product 
expansion. We get: 



T{z)T{w) 



^ hm T{z)[jza{x)fz{w)] 

ZCl -x^w: 

lim 

2ci ■■x^w: 



jza{x) , djza{x) 



{z — x)' 



+ 



z — X 



+Jza{x) ( /'^ \^ + ''^ ^ 



(z — w)"^ z — w 



(2.30) 



In the second line, only the regular terms in the remaining OPE's will contribute to the final 
result. In the first line, all the terms proportional to the structure constants disappear once 
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again. We get: 



T{z)T{w) = lim 

2ci ■■x^w. 



ba 



+ 



■ jzajz ■ (w) 



ba 



(z — xY{x — wY {z — x) 



{z — x){x — wY 



+- 



z — X 



+ 



{z — wY 



+ 



z — w 



(2.31) 



To take the limit, we expand all the functions of x in the neighbourhood of the point w and 
keep only the regular term: 



T{z)T{w) 



dim G 



2{z — wY {z — wY z — w 



^ 2T{w) ^ dT{w) 



(2.32) 



which proves that we have indeed a conformal algebra of central charge c = dim G. For 
supergroups, the relevant dimension is the superdimension (which is the self-contraction of 
the invariant metric). 



Summary 

We have shown that a fairly generic current algebra leads to a conformal theory when the 
Killing form is zero. The corresponding stress-energy tensor is given by the Sugawara con- 
struction. The holomorphic current component is a conformal primary with respect to the 
holomorphic Virasoro algebra. The Sugawara energy-momentum tensor has a central charge 
equal to the superdimension of the supergroup. 

We note that a supergroup with zero Coxeter number shares some features with a free 
theory. The central charge takes its naive value. The composite part of the Maurer-Cartan 
equation does not need to be renormalized. We will see other simplifications for these models 
further on. 



3 Current algebra from supergroup current correlators 

We now switch gears and consider a concrete model in which the generic analysis of two- 
dimensional current algebras of section[2]can be applied. We consider a conformal supergroup 
sigma-model from the list given in [7j. Though we believe our analysis applies to the whole 
list, some facts that we use below have been proven explicitly only for the PSL{n\n) models. 
We will calculate two-, three- and four-point functions of currents. Later we will infer the 
operator algebra of the currents from those correlation functions. 

3.1 The model 

We consider a supergroup non-linear sigma-model with standard kinetic term based on a 
bi-invariant metric on the supergroup. It is the principal chiral model on the supergroup. 
In addition we allow for a Wess-Zumino term. Therefore, we have two coupling constants, 
namely the coefficient of the kinetic term 1//^ and the coupling constant k preceding the 
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Wess-Zumino term. The action is0: 

S = Skin + Swz 
Skin = J (fxTr'l-d^'g-^d^g] 

ik r 

Swz = -i^ /b d^y^''''''Tr'{9-^d^gg-^dpgg-^d^g) (3.1) 

Using complex coordinates, and after taking the trace, the kinetic term becomes: 

Skin = j d^z{dgg-'Udgg''r. (3.2) 

The field g takes values in a supergroup. 

From the action we can calculate the classical currents associated to the invariance of the 
theory under left multiplication of the field g hy a group element in and right multiplica- 
tion by a group element in Gr. The classical equations of motion for the model read: 

{kf + l)dr + {kf-l)d{gJg-'r = 0, (3.3) 

where we have used the standard expressions for the left- and right-current at the Wess- 
Zumino- Witten pointf^: 

J{z,^) = —kdgg~^ and J{z,^) = kg~^dg . (3.4) 

The classical Gl currents are given by: 



^- = -\{j2- ^) ^99-' = -^^^^iaJg-'). (3.5) 



At the Wess-Zumino- Witten point = 1/k the z-component of the left-moving current 
becomes zero. As a consequence, the z-component J becomes holomorphic. A similar 
phenomenon happens at the other Wess-Zumino- Witten point (/^ = — 1/A;) for the anti- 
holomorphic component gJg~^ . From now on, we will concentrate on the current j associated 
to the left action of the group. For future reference we note that the coefficients that relate 
the left current components to the derivative of the group element are (see section [2]): 

c+ = — ^- = 2/2 ■ ^^'^> 



^^Our normalizations and conventions are mostly as in [23) . In particular we define the primed trace as 
Tr' {taXh) = 2Kai, where Kab is normalized to be the Kronecker delta-function for a compact subgroup. The 
action is written in terms of real euclidean coordinates. We soon switch to complex coordinates via z = +ix^ . 
See [23] for further details. Starting in this section, we will no longer be careful in keeping track of the signs 
due to the bosonic or fermionic nature of the super Lie algebra generators. They can consistently be restored. 

^^At the Wess-Zumino- Witten point, the parameters satisfy the equation: 1/ = k. 
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3.2 Exact perturbation theory 

Elegant arguments were given [6] for the exactness of low-order perturbation theory for the 
calculation of various observables in the supergroup model on PSL[n\n). In particular, we 
will use these arguments to compute the (left) current-current two-point function exactly to 
all orders in perturbation theory using the free theory. Similarly we also compute the current 
three-point functions to all orders using perturbation theory up to first order in the structure 
constants. Below, we summarize some important facts that lead to these results [6]. 

The argument is essentially based on the special feature of the Lagrangian that all in- 
teraction vertices are proportional to (powers of) the structure constants as well as certain 
properties of the Lie super algebra, which we now list: 

• If structure constants are doubly contracted, the result is proportional to the Killing 
form, which is zero for the supergroups under consideration. 

• The only invariant three-tensor is proportional to the structure constant and the only 
invariant two-tensor is the invariant metric!^. 

• Traceless invariant 4-tensors made of structure constants and the invariant metric give 
zero when contracted with the structure constants over two indices |6j. 

Using all these facts, and by using a pictorial representation of the correlation functions, 
one can show that vacuum diagrams with at least one interaction vertex all vanish and that 
group invariant correlation functions can be computed in the free theory. However, in order to 
compute the OPEs in the theory of interest, we have to calculate the 2 and 3-point functions 
of the right-invariant currents J" and {gJg~^)"', which are not fully invariant under the group 
action. 

In [6j, it is shown that a correlation function that is invariant under only the right group 
action, and which is a two-tensor under the left group action (or vice versa), can be computed 
by setting all structure constants to zero. Similarly, a correlation function that is invariant 
under the right group action, and a three-tensor under the left group action can be computed 
by taking into account only contributions with at most one structure constant. We will 
present the argument for the simplicity of the 3-point function in the next section. 

In the following we also find it instructive to compute a four-point function to second order 
in the structure constants. In order to perform these calculations it is useful to expand the 
various terms in the action as well as the currents to second order in the structure constants. 

^■^These and the following are statements taken from Jj^. A detailed proof is lacking. The condition of the 
uniqueness of the three-tensor can be relaxed to the condition that any invariant three-tensor contracted with 
the structure constants vanishes, which is a statement that has been proven in detail in an appendix to [11] 
for the particular case of the psl{2\2) Lie superalgebra. 
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Ingredients of perturbation theory 

We gather all our ingredients expanded to second order in the structure constants. We use 
the conventions g = and A = iAat"". For the left current components we obtain: 

J = -kdgg~^ 

= -ki{dAa 
gjg-^ = kdgg'^ = 

= +ki(dAa 

where 0{f^) indicates terms of third order or higher in the structure constants. The kinetic 
term and the Wess-Zumino term become: 

Skin = j (fz{^A-^Aa-^f\Ja^JA'>^A'^A'^A^ ^0{f)) 

Swz = -r^ I dhr''AadA,dA, + 0{f). (3.8) 

l^TT Jc 

The quadratic terms in the action give rise to the free propagators: 

Aa{z,z)Ab{w,w) = -/^Kafclog/x^l^; - wp, (3.9) 
where is an infrared regulator. 

Two-point functions 

Consider the Feynman diagrams with two external lines and pull out a structure constant 
where the external line enters. The rest of the diagram is now a blob with three external lines, 
with two of them contracted with the structure constant (the interaction strength). Now, 
from a group theoretic perspective, the three-spoked blob is also an invariant 3-tensor, which, 
by the properties itemized at the beginning of the section, is proportional to the structure 
constant. As a result, the whole graph is proportional to the metric times the Killing form: 
fabcfd^ = "^hgad, which vanishes for the supergroups under consideration. 

The two-point functions are therefore perturbatively exact when computed by setting all 
structure constants to zero and follows directly from the free propagator (j3.9p : 

{riz,z)j\w,w)) = 

{{gjg-'nz,z){gjg-')\w,w)) = 
{riz,z)igJg-yiw,w)) = 

Three-point functions 

Consider the Feynman diagrams that contribute to 

{r{z,z)j''{w,w)r{x,x)). 



= _k{dA + -[A, dA] + -[A, [A, dA]] + 0{f)) 

fbc 1 

- ^-^A,dA, + -f\,r,,A^A''dA' + 0{f))e 
. },(dA + h,A,dA\ + \A,dA\\ + 0{f )) 

- ^AkdA, + -n,r^,A''A''dA' + 0{f))t\ (3.7) 

2 b 



21.2 ^ab 



{z — wY 

{z — wy 



2nfk\'''6^^\z-w) 



(3.10) 
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In their evaluation, there are strucutre constants coming both from the expansion of the 
currents in ()3.7p and also from the interaction vertices. We would like to argue that only 
those diagrams which contain a single structure constant contribute. In order to show this, 
consider pulling out one structure constant out of the vertex where the external line enters. 
The rest of the diagram can be thought of as a blob with four external lines and which has 
the group structure of a rank 4 invariant tensor. Contracting two of its indices, the resulting 
graph contains a structure constant inside and vanishes, following the same argument that 
allows to compute the two-point functions by setting all structure constants to zero. 

We have now shown that the group structure of the four-spoked blob is that of a traceless 
rank 4 tensor. The full Feynman graph is evaluated by contracting a structure constant 
with this traceless rank-4 tensor. Using the special properties of the Lie superalgebra of 
PSL{n\n) we listed earlier in the section, it is clear that such a term evaluates to zero. Thus, 
the three-point functions are perturbatively exact at first order in the structure constants. 
There are two non-trivial contributions to this calculation. We have one contribution coming 
from the term proportional to the structure constants in the expansion (j3.7p of the current 
components, and one from the first order Wess-Zumino interaction (j3.8p . 

Let us compute the first contribution for the JJJ three-point function in some detail: 

{riz,z)j\w,w)J%x,x))i = +ie{idA^iz,z) - ^f'^'AddA,) 

{dA' - ^f'^'AadA^XdA' - ^f^-AddA,)) 

= -'^'^'2^^^ \z-x){u,-xf + ^^ \^. - x){z - xY + '"y"^''^ 

1 \z — xY\w — xy 

= -i^k^fr""-, w ^ w r . (3.11) 

2 [z — w){w — x){x — z) 

The Wess-Zumino contribution iJ^: 

'r{z,z)j\w,W)rix,x)'^^ = +ik^ (^dA''{z,z)dA\w,w)dA''{x,x)x 

±- jj^yf-9AgdAddA,{y,y) 

= +ik'f\r"'-, ^ r. (3.12) 

2, [z — w){w — x){x — z) 

Adding the two contributions we get the three-point function: 

{r{z,z)j'{w,w)rix,x)) = -ih'f\3-kf)r''- ^ ^. (3.13) 

2 [z — w){w — x){x — z) 

A quick check on the calculation is that it matches the known three-point function at the 
Wess-Zumino- Witten point, where it can be evaluated using the holomorphy of the currents. 
All other left current three-point functions can be computed analogously. They are (up to 



A minus sign arises from expanding e to first order. 
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contact terms): 

{J''{z,z)j\w,w)J%x,x)) 



3 kp\ -ik^ff^" 



{r{z,z)r{w,w){gJg''r{x,x))-- 
{igJg-'nz,z)igJg-')\w,w)rix,x)) = ( ^ + 



2 2 J {z — w){w — x){x — z) 
1 kf\ -iPf^f^^z-w) 



2 2 J {z — w)'^{x — w){x — z) 
1 kp\ f f'^^z - w) 



{{gJg-^r{z,z){gJg-^)\w,w){gJg-y{x,x)) = ( | + M!^ ^Z^' ^ . (3.14) 



2 2 J {z — wY{x — w){x — z) 

3 kp\ +ik^ff'''"' 
2 2 J {z — w){w — x){x — z) 

Coincidence limit and operator product expansions 

When we take coincidence limits of the three-point functions, we expect to be able to replace 
the product of two operators by their operator product expansion. Using the general form of 
the current-current operator product expansions, and the exact two-point functions, we can 
infer from the above three-point functions a proposal for the current-current operator product 
expansions. Up to contact terms the two- and three-point functions can be reproduced in 
their coincidence limits by the OPEsEl: 

r{z,z)j\w,w) r. + kfd - ^^w' '^'^"^^ 



{z-wY '2 2 ' ' " z-w 



r{z,z){gjg-y{w,w) ~ 2nk' f.'^'S^'Hz - w) + kM + M^)^fab ^llaZj^ 

11 z — w 

-kf\\-^-f^Yr\^j%w) + ... 

2 2 z — w 

igJg-nz,z){gJg~yiw,W) ~ - kf{l- + '^)^r' idJa-'TH 



(z -uJ)2 ■' ^2 2 ^ ' " z-w 
+ kfd + ^-^W'^'cT^^.nw) + ... (3.15) 



^^From now on we will no longer always make explicit the fact that all the operators depend both on the 
holomorphic as well as the anti-holomorphic coordinate at a generic point in the moduli space. 
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When we normalize the currents as in (j3.5p to agree with section [21 we find the following 
OPEs: 



Ap{z-wy 4 z-w 

'z — w 



+ - 1 - kf f^ cJ^ov ; ^ _ _ _ 

4 (z — it;)^ 



4/2' 4 
4 z-IfJ 

We can read from these formulas the coefficients of the generic current algebra (|2.2ip : 



4/2 4' 



C3 = ^^|P^ C4 = -(1-^^(3 + ^/2) 

and 5 = l(l + A:/2)(l-A:/2). (3.17) 

We note that the coefficients automatically satisfy the extra constraints ()2.19p and ()2.20p one 
gets by requiring consistency of the current algebra with the Maurer-Cartan equation. 



A four-point function 

From the three-point functions, we conclude that the coefficient g is non-zero. We have 
argued in section [2] that that is associated to the appearance of logarithms in the regular 
term of the jzjz operator product expansion. We would like to check the coefficient of the 
logarithm more directly in a perturbative calculation. For that purpose it is sufficient to 
study a four-point function at second order in the structure constants. The computation will 
be exact at that order. In particular we want to compute the four-point function: 

{jHz)igJ9-'fHrix){gJg-yiy))oiP), (3.18) 

at second order in the structure constants, and in the z ^ w limit. We anti-symmetrized 
in the a and b indices (and weighted each term with a factor 1/2). In the coincidence limit, 
logarithms appear in the regular terms in the OPE between J and {gJg~^) and they will give 
non-zero contribution to the four-point functions. In our calculation we focus on the terms 
proportional to log |z — (and which are not contact terms). 

We distinghuish the following contributions at this order. We can expand a single current 
to second order, and compute in the free theory. We can expand two currents to first order 
and compute in the free theory. We can add one linear Wess-Zumino interaction term and 
expand one current to first order. Or we can add two linear Wess-Zumino interaction terms 
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and take only the leading terms in the currents. Finally, we can add one quadratic principal 
chiral model interaction term, and treat the currents at zeroth order. 

We found the following results. The second order term in a current cannot give rise to 
logarithmic contributions. Two currents at first order can be contracted to give a logarithm. 
It is easy to see that there are few contributions to the terms of interest, and they give: 



f6 1 
J fabefcd i ,,.2u „„|2 ^ 

{z — xY{w — y) 



r'^r\\ogA^ - m't^-:,tj=-^2 (3-19) 



The term linear in the Wess-Zumino interaction term gives no contribution. The term arising 
from the quartic interaction term in the principal chiral model doubles the previous non-zero 
term. The Wess-Zumino term squared gives a contribution of a different type equal to: 



U& f 10 1 

' [z — xYiw — yY 



+ \ogiJ?\z - wl'r'y^^- (3.20) 



The latter contribution is the hardest to calculate. It consists of the order of 216 free field 
contractions, which exhibit a lot of symmetries. Some logarithmic terms in the double in- 
tegrals over the points of interaction need to be evaluated, but all of these integrals are 
straightforwardly performed using partial integrations and other elementary techniques. The 
tedious but elementary calculation leads to the above result. In total we get, at second order 
in the structure constants, and only regarding the logarithmic contribution in z,w: 



{^^{z){gJg-^f\w)r{x){gJg-y{y))ou^),iog 



- -k^f{i - ef)r''r'', log^'iz - w\'- — ]_ . (3.21) 

Using the relative normalization between the J's and the j's, we find that 

Ot(^)iS(^)jS(^)j|(y))o{/^),w = 

^ ,{l + kf)^{l-kf){l-ef)rb-r\log^^^\z-w\'- — (3.22) 



Let us see how to use this result to check the coefficient g in the operator product expansion. 
From the expressions for the operator product algebra (j2.2ip and from the exact three-point 
functions ()3.14p . we find that the logarithmic term in the normalized four-point function in 
the coincidence limit z ^ w is: 



{-d^[i-kr)zk'rr'^-{i+kf _ 

2 [w — yy[x — w)[x — y) 

-dui + kf)r^-)^k' Ail - kf^ ^ - ^ 



2 (w — xy{y — w){y — x)' 

9 ^-1 I j„f2\2fi j„f2\2fab feed 

32/2 



log/i^|z - uip- — (3.23) 
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We recall the value for g: 



g = -(l + kf){l-kf), (3.24) 



so the operator algebra and the three-point functions predict: 



{f^M4) ^ -^{i + kf)\i-kff{i-k'f)r\r'' 

1 



log/x^lz-t^p- "2^— — (3.25) 

The prediction is matched by our perturbative calculation of the four-point function. More- 
over, since the coefficient g is fixed to all orders by the calculation of the three-point function, 
our result at second order in the structure constants is exact. The calculation is a good consis- 
tency check on the correlators and operator product expansions. The full four-point function 
is a function of the cross ratio of the four insertion points, in which the regulator fi drops out. 
We note also that the appearance of logarithms in four-point functions of operators that differ 
by an integer in their conformal dimension is generic. In our case, the scale // must appear in 
the operator product expansion because we lifted space-time fermionic zeromodes [6]. These 
in turn are linked to the non-diagonalizable nature of the scaling operator in sigma-models 
on supergroups [24]. 



3.3 Summary of the current algebra 

We summarize the current algebra for the left group action: 



4/2(z — w)'^ 4 z — w 

j-{z)i{w) = --^(1 + kf){l - kf)K-'5^^\z -w) + + f'^'cj^iw) 



' --J /■- - V / ' ^ z-W 



z — w 



[z — wy 4 z — w 



+ ^^^-^^ (Frlyi^'c ^■^(^)+ : jIjI : • (3.26) 

The current algebra for the right group action can be obtained through the combined oper- 
ation g —> g~^ and worldsheet parity P, which is a symmetry of the model 



4 Conformal perturbation theory 

In this section we study Wess-Zumino-Witten models with a perturbed kinetic term, both 
for its intrinsic interest and as a tractable example of conformal perturbation theory. For a 
general group manifold, the deformed model becomes non-conformal. For supergroup man- 
ifolds with vanishing Killing form, the models remain conformal. In the earlier sections, we 
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have computed, using the exact two- and three-point functions, the current algebra of the 
deformed theory. In this section, we re-derive these results using conventional conformal per- 
turbation theory. This will be a consistency check of the deformed conformal current algebra 
we have obtained in equation p.26p . 

4.1 The current algebra in the Wess-Zumino-Witten model 

We first review the chiral current algebra of the Wess-Zumino-Witten model. We recall the 
action ^ 

Swzw 



167r 



j (fxTr'[-d^'g-^d^g\ + kT (4.1) 



where T is the Wess-Zumino term, and the field g{z,z) takes values in a (super)group G. The 
model has a global Gl x Gr invariance by left and right multiplication of the group element. 
The currents associated to these symmetries are (in complex coordinates): 

J{z) = -kdgg-^ and J{z) = kg^^dg . (4.2) 

The right-invariant current J{z) is holomorphic and generates the left-action of the group 
Gl. The left-invariant anti- holomorphic current J generates the right translation by a group 
element. The components of the current J satisfy the OPE: 

r{z)j\w) ~ + zr".^, (4.3) 

(z — wY z — w 

and the components of the current J{z) satisfy the same OPE, with anti-holomorphic coor- 
dinates instead of holomorphic ones. In particular, in our conventions the pole term keeps 
the same sign. These currents generate a large chiral affine current algebra whose existence 
is useful in solving the model via the Knizhnik-Zamolodchikov equations. 

4.2 Perturbation of the kinetic term: classical analysis 

We are interested in the following marginal deformation of the Wess-Zumino-Witten model: 

S = Swzw + ^ J d^z^z,z). (4.4) 

where 

$ = ^(: rigJg-% : + : (glg-'W :) . (4.5) 

In other words, we perturb the kinetic term by multiplying it with a factor 1 + A. Comparing 
the action with the action in the earlier section, we find that A is related to the kinetic 
coefficient / defined in the previous section by the relation 

j^ = k{l + X). (4.6) 

We note that, analogous to the composite operator that appeared in the Maurer-Cartan 
equation, we have chosen a symmetric combination of the product of J and gJg~^ operators 
to represent the marginal operator in the quantum theory. 



20 



4.3 The current-current operator product expansions 

In this subsection we compute the correction to the holomorphic current-current operator 
product expansion induced by the perturbation of the kinetic term of the Wess-Zumino- 
Witten model for a simple (super) Lie algebra. In order to perform the calculation we 
require the OPEs between the currents J and gJg^^ at the WZW point. These are obtained 
by requiring that the Maurer-Cartan equation holds in the quantum WZW model, as shown 
in Appendix [B] we compute the OPE of the current J with the Maurer-Cartan equation for 
a generic value of the dual Coxeter number and demand that it vanish. This constraint leads 
to the operator product expansion 



ab 



{gJg ^Y{w,w) 



+ :r{gjg-')':{w,w). 

z — w 



r{z){gjg-^)\w,w) = 27rfe/€'^^<5(2)(^ -w)+if 

z — w 

(4.7) 

A similar demand on contact terms and the most singular terms in the OPE of {gJg ^) with 
the Maurer-Cartan equation leads to the OPE 



{gjg-'f{z,z){gjg-')\w,w) = _::_- + i/ 



kK' 



ab 



fab J%W){Z-W) 



(z — wj 



(z — w)"^ 



2if 



ab isJg ^T{w,w) 



Z — W 



+ :{gJg-r{gJg~^f:{w,w). (4.8) 



A general discussion of higher order corrections to operator product expansions is given in 
Appendix El Here we focus on applying the discussion to the case of a supergroup with 
vanishing Killing form. We compute the corrections induced by the exactly marginal pertur- 
bation to the J"'J^ OPE. The nth order correction is denoted by 



{JJ)f{z-w,w) 



(47rA;)"n! 



n „ 

i=l '' 



J\w,w) 



(4.9) 



where the square bracket means that we have to contract J"'{z,z) with all the integrated 
operators before we contract it with J^(tt;,IZJ). We define H^{z,'z) to be this complete con- 
traction: 



K{z,z) 



r{z,z) 



1 f 

— — — r IT / d^Xi^(Xi,Xi 

(47rA;)"n! f-J^J » v » 



(4.10) 



One can similarly define another contraction, with J replaced by the current {gJg 



-l\a. 



Hniz,z) 



■'--^"'(z^z) 



{gJg 



(47rA:) 



(4.11) 



The basic building blocks we need to carry out this computation are the OPE of the currents 
J'' and {glg~^T with the marginal operator <I>. As we will see, once these OPEs are obtained, 
the nth order correction can be obtained by a process of iteration. Here, we list the two OPEs 
of interest and refer the reader to Appendix [B] for details. 



r{w) / d^x^{x,x) ~ A; d^x 



{gJg ^Y{w,w) 
{w — xY 



2irkJ''{w) 



{gJg~^T{w,w) I d^x^{x,x) '-^ 6TTk{gJg~'Y{w,w) - k I d^x 



J"(x, x) 
{W — xY 



(4.12) 
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With these basic OPEs, let us contract the current with one of the integrated marginal 
operators: 



X 



{z — x)^ 

One can do a similar operation on iJ^ and we get 



(4.13) 



n 



[z — x)"^ 

These are coupled recursion relations for i/^ and -ff^ subject to the initial conditions: 

H^{z,z) = r{z,z) 
Hl{z,z) = {gJg-^r{z,z) 

These recursion relations have the following solutions: 

{gJg-^Y{x,x) 



(4.14) 



(4.15) 



{z — xy 



In particular we deduce that 
{JJ)t{z -w,w) = i-Xrj\w,w) [(l - ^) r{z,z) + l^jd 



(4.16) 



a^igJg-^nx.xy 



{z - xy 



i-\r 



1 



n 



ab 



{z — w)' 



abc 



z — w 



H / d'^x , ^o > 

2 27ry (z-x)2 V 



x — w 



{-xy 



(z — w) 



' (2vrfc«»^<5(2)(.-x) + ir^^.^^'^^")^(^'^^ 

fabc A _ 

^ V 2) z-w 



2 [z — wy 



(4.17) 



We can now sum the perturbative series in A. We get the OPE in the perturbed theory: 

oo 

r{z,z)j\w,w) = Y,{-mJJ)n{^ - 

n=0 

1 kn"-^ 2 + 3A .,abcJ''{'^) ^ -saber 1 -l\cf —\ Z-W 



l + X{z-wy 2{1 + Xy-' z-w 2(1 + A)2 



{z — wy 
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Using the map (A;/^) ^ = 1 + A, one can check that this coincides with the OPE in equation 
()3.15p . With the same techniques we can also compute the corrections to the J°'{gJ g~^)^ 
and {gJg~^Y{gJg~^f OPEs. We get the results 



r{z,z){gjg~^)\w,w) = -2ti k k"^ 5^'^\z - w) + if 



1 n_,...a6.(2)/ . x , , rabc 2 + A {gjg ^Y{w,W^ 



1 + A ' ' ' 2(1 + A)2 z-w 



, -J _w -J -X 1 kK-' 4 + 3A ir'%gJg-'nw,w 

[qJq ) {Z,z)(qjq ^)"(w,w) = -77 z — rr 

\y y J \ , j\y y J \ , J 2(1 + A)2 z-w 

2(1 + A)2 {z-wy ^ ' 

Again this matches with the OPE obtained in equation (I3.15P 



Summary 

In this section, we have shown by resumming conformal perturbation theory that the de- 
formed current algebra we obtain this way matches the algebra obtained in section [3] through 
the calculation of 2- and 3-point functions to all orders in perturbation theory. 

5 The current algebra on the cyUnder 

In this section we consider the sigma-model on a cylinder and Fourier decompose the current 
algebra. The representation in terms of Fourier modes is often more conventient. To put 
the algebra on a cylinder, we first compute the operator algebra on the plane, and then 
compactify the plane. We consider the complex plane z = a — it and consider r as time and 
a as the spatial coordinate. Denoting the currents as r), the commutator of equal-time 
operators is defined to be the limit of the difference of time-ordered operators (evaluated at 
r = 0) 

[i^(a,0),jt(0,0)] = lim(j-(a,ie)jt(0,0) - jt(0,ie)j^((T,0)) . (5.1) 

Using this definition, let us compute the commutators for the holomorphic component of the 
current (we suppress the r = argument within the currents in what follows): 

„ab 



[jI(^), J (0)] = lim -^—2 + r\{^-m) + (C2 - g)^—Y2m)) 

e^o y[cF — le)'^ a — le (cr — ley 



{a + iey -a-ie {a + ie) 

= -27rici5\a)K'''' + 27Tic25{a)r\fM + 27ri(c2 - g)S{a)r'MO) + ... (5.2) 

where we used 

1 1 

lim = 2TTiS{a) 

e^o a — ie a + ie 

lim _ = -27ri6'{a) 

e^O (cr - ie)2 (cr + ze)2 

cr -|- ie a — ie 

lim — ^ - — ^ = 2Trid{a). (5.3) 

€^0 (cr - ley (cr + le)^ ^ ^ ^ ^ 
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For other components we find: 



'fA<^),im = -27ri(c4 - g)5{a)r\m + 2m{c2 - g)6{a)r\m ■ (5-4) 



It is now straightforward to compactify a = cr + 27r and Fourier decompose the operator 
algebra on the cyhnder using: 

jz ~ ^ '] 6 jz,n 

jz — ~* ^ ^ 6 jz,n 
n&Z 

= ^y.^'""- (5-5) 



We find: 



27r ^ 



\jz,m3z,m\ — CiK"''^nSn+m,0 + C2f cjz,n+m (^"2 9)f cjz,n+m 

[fz,nJl,J = ic4-9)r'cfz,n+m + {c2-9)r'cJin+m- (5-6) 

We can check the vahdity of the Jacobi identity, which follows from the validity of the 
Maurer-Cartan equation along with the Jacobi identity for the Lie algebra of G. 



Conserved charges 

We note that the current one-form satisfies the conservation equation d * j = 0, and that 
therefore the integral of the time-component of the current over the spatial circle is conserved 
in time. The corresponding charges are easily determined to be the sum of the zero-modes 

of the current algebra. They generate the Lie algebra of G. We recall that the groTip action 
generated by these charges corresponds to the left group action Gl, and that there is an 
analogous right group action Gr. 



Kac-Moody subalgebra 

Let us consider the combination of the currents and compute the commutation relations 

of its modes with themselves. Using the above basic commutation relations, we find 

[ijz,n + Jl,n)> Uz,m + Am)] = (ci " C3)^c"^n5™+„,o + (C2 + C4 - g)t\{jl,n+m + jl,n+m) > 

(5.7) 

which is a Kac-Moody algebra at level 



as becomes manifest in terms of the rescaled currents 

•a _ -a 

■ Jz Jz 

' C2 +C4- g 



•a _ -a 

ja = Jz_ ^ (5 9) 
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We observe that for the case of the supergroup considered in the earUer section, substituting 
the values of the in ()3.17p . we obtain a Kac-Moody algebra at level = k, with the 
currents taking the simple form 

J'' = {M-f.)- (5.10) 

When we choose a real form of the supergroup that has a compact subgroup, the level k will 
be integer. We also observe that the current associated to the cr-component of the canonical 
right-invariant one- form dgg~^ is: 

J"' = c.j, + c+h. (5.11) 
In term of these currents, we find the mode algebra: 



rb] _ '^1 ~ '^3 ^^ab^ x , ^ fab 

(c2 + C4 - gy 

. CiC- + C3C4 _ 

K ilOm+nfi c'-^n+m 

C2 + C4- g 

[Jn. X'] = (c' Ci - clc3)K''''n6m+n,0 + /"'c(2C2C_ - 2CiC+ + g{c+ - C-))X\m 
tab ( „ , „ „\l „1 „ I „ „2 „/ 2 , „ „ I 2 



\ 'ja fb ] ^ J ,^<ib^x J- -i f^^ 

t ^fa ^b] _ ^. i^iu- -r <^3U+ ^^gfe^^ _ n fab ^jlc 



-ir\{c2 + C4 - g){cic2 + Cici - g{ci + c+c_ + ci))X+^. (5.12) 
For the specific case of the supergroup model, we find 



[J'm'^m] — kn n6m+n,0 ~^ if c'^n+m 

_ ■ fab qlc 



\rrla rrb^ _ (^/^ + 1) ,^ab ^ —i-fafe '7'C 



[X^X']=0. (5.13) 

We identified a Kac-Moody subalgebra ^ and an infinite set of modes J' that commute 
amongst themselves. The latter modes transform into the identity and themselves under the 
Kac-Moody algebra. 

We also note that we can obtain a second Virasoro algebra by applying the Sugawara 
construction to the Kac-Moody algebra J. The corresponding energy-momentum tensor 
generates a Virasoro algebra at central charge sdim G. It is not holomorphic. The difference 
of these energy momentum tensors for the left and right group is proportional to the difference 
of the holomorphic and anti- holomorphic energy momentum tensors. That indicates the 
existence of a non-chiral analogue of the Knizhnik-Zamolodchikov equation. 



6 Conclusions 

In this paper, we have performed a generic analysis of the conditions imposed on local Lorentz 
covariant and PT invariant current algebras. In particular we allowed for parity-breaking 
models and found a class of solutions to the conditions. 

In the case for which the algebra has vanishing Killing form, we showed that one can 
construct an energy momentum tensor in terms of a current component in a way similar 
to the Sugawara construction. The current component is then a conformal primary and 
the central charge is the (super)dimension of the group. This gives a constructive proof of 
conformality of the quantum model. 

We moreover computed exact two- and three-point functions for principal chiral models 
with Wess-Zumino term for supergroups with vanishing Killing form. Using these exact 
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results, we showed that the current algebra is realized in these models, and we calculated 
the coefficients in the current algebra. We performed a check on a logarithmic regular term 
by computing the relevant part of a four-point function. The algebra was independently 
derived by using the techniques of conformal perturbation theory about the Wess-Zumino- 
Witten point. We hope the existence of such current algebras will prove useful in furthering 
the solution of these models [U ITOl lllj . Another avenue to explore is to systematically 
analyze the exactness of low-order perturbation theory for various current and group valued 
correlators. 

One of the examples to which our discussion applies is the sigma model on the supergroup 
PSU{1, 1|2). This particular supergroup is useful to quantize string theory on AdS^ x 
|12l [6]. To quantize the string in the presence of Ramond-Ramond fluxes, we can, in this 
instance, use the six-dimensional hybrid formalism with eight [28] or sixteen [25] manifest 
supercharges. In the first case, the PSU{1, 1|2) sigma-model is at the core of the worldsheet 
theory [12] . 

It is possible to realize the AdS^ x spacetime as the near-horizon limit of a D5-NS5- 
Dl-Fl system. We can then write the parameters of the non-chiral current algebra in terms 
of the numbers of D5 and NS5 branes fT2]. The integer parameter k that multiplies the Wess- 
Zumino term in the action is equal to the number A^at^s of NS5 branes while the parameter 
1// is the radius of curvature of spacetime. When the number N^^ of D5-branes is equal 
to zero, the parameters satisfy kf'^ = 1 and the non-holomorphic component of the right- 
invariant current vanishes : we have a chiral current algebra. When we turn on the RR fluxes, 
we obtain the generic current algebra given in equation (I3.26p . It is important to further 
investigate this algebra in the context of string theory on AdS^. Exploring the integrability 
of these supergroup models will prove useful in understanding better the properties of the 
AdS^/CFT2 correspondence. The presence of a Kac-Moody algebra at level k over the whole 
moduli space of the theory may also help in the construction of the string spectrum in 
AdS^ X with Ramond-Ramond fluxes. 

Likewise, another application of our analysis is to coset models G/ H where G is a super- 
group with zero Killing form. In [7] it was shown that a number of coset models where H \s a, 
maximal regular subalgebra are conformal to two loops. Graded supercosets based on super- 
groups with vanishing Killing form are also believed to be conformal [8j. These cosets occur 
in the worldsheet description of certain string theory backgrounds, for instance, they appear 
as the central building block of the AdS^ x background. Moreover, as symmetric spaces or 
right coset manifolds, they retain a left group action as a symmetry and we therefore expect 
that parts of our analysis still apply. It is certainly worth exploring the quantum integrability 
of these coset models per se, and how it ties in with the conformal current algebra that we 
have exhibited. 
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A Perturbed operator product expansions 

We consider the corrections to an OPE induced by an exactly marginal deformation of a 
conformal field theory. The deformation parameter is denoted by A. In the deformed theory, 
we can write the OPE between two operators A and B as: 

lim A(z)B(w) = C(z, w)=y^ X'^aJz -w,w), (A.l) 

n>0 

where it is implicit that the dependence on the variables does not have to be holomorphic. We 
expand the result in a basis of operators evaluated at the point w. The operator Cn{z — w, w) 
is usually written as a series in powers oi z — w. It is not obvious that the operators A and 
B (and therefore C) are well-defined operators in the perturbed conformal field theory, but 
we will assume that that is the case for the model at hand. Let us see how to compute the 
operators Cn{z — w,w) at order n. By definition, we have: 

iim{A{z)B{w)Mxi)-Mxp))x = i\Yl -w,w)\ Myi)-Myp))x (A.2) 

\n>0 / 

for any operators (/)i(yi)...^p(?/p). If we want to perform the computation at the non-perturbed 
point, we write the previous equality as: 

TO>0 i=l J 

= {lj2^''Cn{z-w,w)\Myi)-Myp) (E^II / d^x^Hx^)])o (a.3) 

\n>0 J \m>0 i=l / 

where $ is the exactly marginal operator we use to deform the theory. We isolate the term 
proportional to A": 



I f 

lim {A{z)B{w)Myi)-Myp)— ,11 / d^Xi^{xi))o 

z — >w Tl\ J 

i=l 

(n ^ n—l . \ 

^q(^ - w,w) n J d^xi^{xi)\ Myi)-Myp))o (a.4) 

This becomes an operator identity in the non-perturbed theory: 

^ n „ n ^ n—l „ 

lim A{z)B{w)- n / d^xMxi) = ^C^z - J] / d^^M^i) ■ (A.5) 

The previous equation defines iteratively the operator C„ which appears in the operator 
product expansion at order n. 

We would like to give a prescription to compute the n-th order term in the OPE, Cn{z — 
w,w). At zeroth order, the definition is 

lim A{z)B{w) = Co{z -w,w). (A.6) 
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As expected the zeroth-order OPE is the OPE in the non-deformed model. At order one, we 
have 

lira A{z)B{w) / (fx^{x) = Co{z-w,w) / (fx^{x) + Ci{z-w,w) (A.7) 
z-^w J J 

Here is one proposal on how to deal with the left-hand side of this equation. First we let the 
operator A(z) approach B{w) and (separately): 

lim A{z)B{w) / (fx^{x)= lim ( {AB){z -w,w) / (fx^ + B{w) / cFx{A^){z - x,x) 

Z^W J Z^W \ J J J 

(A.8) 

where (^-B)(z — w) denotes the contraction of Ai^z') and B{w) (in the unperturbed theory), 
with the resulting operators evaluated at the point w. It is clear that the first term on the 
right-hand side is equal to Cq{z — w,w) J (Px^{x), so the OPE at first-order is given by the 
second term: 

Ci{z — w, w) = lim B{w) / d^x{A^){z -x,x). (A.9) 

z^w J 

At higher order, the same structure appears. We can always recognize in the computation 
the lower-order contributions, and isolate the highest-order term. We use the definition 

Mm A{z)B{w)- Y\ / <fxMxi) = y^Ci{z-w,w)- [T / cPx^Xi). (A.IO) 

To evaluate the left-hand side, we let the operator A{z) approach the other ones. As it 
approaches B{w), we generate the term with / = on the right-hand side. As it approaches 
one of the copies of the marginal operator we get 

lim B{w)^ [ (fx{A<^){z - x,x)Y\ [ d^Xi^{xi) (A.ll) 

i=l 

To carry on, we take the operators {A^){z — x,x) that was just generated at the point x 
and let it approach the other operators in the expression. If it approaches B(w), then we 
generate the term with I = 1 in the right-hand side of the definition. Otherwise we generate 
a new expression on which we apply the same procedure. 

Finally, we understand how to obtain directly the order-n OPE C„(z — w): it is the term 
that we get by first contracting A{z) with all the integrated operators, and then contracting 
with B{w) at the very end. We will denote it as: 



Cn{z - w,w) 



n 

J d^xMxi) 



B{w) (A.12) 



All the operators inside the square brackets have to be contracted, before performing the last 
contraction with the operator outside the square brackets. 

We should stress that the previous procedure is not always well-defined. In the compu- 
tation described in the bulk of this paper, this prescription leads to an unambiguous result 
for the poles of the current-current OPEs. However, in a more general context, the integrals 
appearing in the above calculations need a more careful regularization. 

B Detailed operator product expansions 

In this appendix we show how to compute OPEs involving the operator {gJg~^) in the WZW 
model. 
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The contact terms 

It is natural to postulate contact terms between the left- and right-invariant currents (see 
e.g. [29]). Indeed, even for a U{1) current algebra, contact terms can be derived from the 
representation of the current algebra in terms of a free boson and its logarithmic propagator. 
Since at large level k, the group manifold flattens and is equivalent to a set of free fields, we 
do expect contact terms to arise. We propose the following contact terms: 

r{z,z)igJg'^f{w,w) ~ InkK^^S'-'^Hz - w) + ... (B.l) 



The Maurer-Cartan equation in the quantum theory 

In the quantum theory, the composite operator in the Maurer-Cartan equation is ambiguous 
due to normal ordering. With our choice of normal ordering, it is natural to propose the 
quantum Maurer-Cartan equation 

dr + d{gjg-'r + ^fdei-- AgJg-'r ■ + ■ {gJg-'YJ'' = o . (b.2) 

One way to check this proposal is to compute the OPE between the current components 
J° and the operator on the left hand side of equation ()B.2p which is classically zero due to 
the Maurer-Cartan equation. In the calculation, it is crucial to apply the normal ordering 
prescription we introduced in section [2j We not only confirm the above proposal for the 
quantum Maurer-Cartan equation, but also find that we need to fix the OPE between J" 
and {gJg~^)^ to be 



r{z){gjg-y{w,w) ~ 2ttk^^6'^^\z - w) + if^ ,^^^^^^^^^^+ : r{glg-^f : {w,w) 



(B.3) 

Let us show this calculation in some detail in order to illustrate the techniques involved. 
Using the holomorphy of the current J and the knowledge of the naive conformal dimensions 
of the operators, we can make the ansatz 



r{z){gjg-^)\w,w) = 27Tkn^^6^^\z - w) + air^" ^^'^^ ^Y{w,w) ^ _ ^{gjg-^f : {w,w) 

z — w 

(B.4) 

With the definition of the normal ordering above, let us compute the operator product ex- 
pansion between J"'{z) and the Maurer-Cartan equation. We distinguish two terms. The 
first term is 

r{z) {dr{w)+d{gJg-'r{w,w)) = 

a. ( + . r^^) + a. ( 2vrfcK-5(2) {z-u.)+ a^ (^Z^I^C^A ^ 
\{z — wy z — w J \ z — w J 

= -^ r'Aw)2^6^'^ iz-w) + a^ (^Zflll^!^ 

[z — w)^ 



I ,j^ac A»d{gJg-y{w,w) + dJ'^{w)) ^ 
z — w 



From the last terms we see that we can obtain a pole term proportional to the Maurer-Cartan 
equation if we put a = 1. It can be shown that this is the only consistent possibility, and we 
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will freely put a = 1 from now on. The second term with an extra minus sign is given by 



r{z) lim iJ^ix)igJg-'riw,w) + igJg~'riw,W)J''ix)) 



(B.6) 



where we have used the normal ordering prescription. Let us start with the first of the two 
terms in ()B.6P (suppressing the overall — ^/^g)- 



J^{z) lim J'^{x)igJg-^y{w,w) = lim 



+ I- ' 



{z — x)^ {z — x) 



{gJg Y{w,w 



+J^(x) 



f^%gJg-y(w,w) 
2TTkK'''6^^\z-w)+ia^^^ ^ , ; 



{z — w) 



(B.7) 



We perform successive contractions, and subtract singular terms according to the normal 
ordering procedure to obtain 



+ 



{z — w)^ 

fdeUg^ ■■ J'igJg^^r ■■ {w,w) + af^' : J'^igJg-y : iw,w)) 



k{z — w) 

When Q = 1 and using the Jacobi identity, we can simplify further: 



. (B.8) 



Analogously, the second part of the second term becomes 
-2mfX5'^{z-w)J'^{w)-i(l 



2h\ {r/{gJg-y 



k j (z — wY 

+ tJ^UT ■■ {gJg-yj'' ■■ iw,W) + ff : {gJg-'TJ^ : iw,w)) . (B.IO) 



k{z — w) ^ 

Combining the two parts of the second term we find 



27rif2^6^{z-w)J'^{w) + 



+ 



{z — wY 

frfegi ■■ {gJg~yj' ■■ : r{gJg-y : iw,w)) 



. (B.ll) 



2k{z-w) 

Comparing with the first term, we see that the contact term as well as the double pole term 
cancel exactly while the single pole term vanishes using the Maurer-Cartan equation itself, 
normal ordered as in our proposal. We note that the operator product expansion between J" 
and {gJg~^Y obtained this way matches the operator product expansion obtained in ()3.15p 
at the Wess-Zumino-Witten point. 

We will also need the OPE of {gjg~^)°'{z,'z) with itself at the Wess-Zumino-Witten point: 



{gJg-'T{z,z){gJg-')\w,w) 



kK" 



(z — wY 



+ 



if^\z - w)J%w) ifi\gJg~^nw,w) 



{z — wY 



z — w 



(B.12) 

The coefficients can be argued for by analyzing the contact and most singular terms in the 
OPE of the current gJg~^ with the Maurer-Cartan equation. 
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Operator product expansions of currents with nicirginal operator 

Since the computations are fairly similar, let us consider the more complicated OPE of the 
current {gJ g~^Y{w,w) with the marginal operator The first part of the computation 
involves the OPE 



{gjg-^)\w,w) lim r{y){gjg-\(x,x) 



■y^x y\ w — y J 



{w — xY {w — xY w — X 

~ 27rMP)(^ - x){glg-')\x,x) + ^^^^ - : J^glg'^ : (x,x) 

[w — xy [w — X) 

+ 'jl^'^Z.f : : (x) - ^ : (glg-'nglg-^ : {x,x) . (B.13) 

[w — xy w — X 

Similarly, exchanging the order of J and gJg^^, we find an identical OPE to the above one 
except that the terms in the last line have opposite sign. Combining these two, we therefore 
find that 

{gJg-y{w,wMx,x) ~ 27rkS^''Hw - x){glg-^)\x,x) + 

- §^i: {gJg-yr : + : J^glg-^ ■:){x,x) . (B.14) 
Now, the last term can be rewritten using the Maurer-Cartan identity and we obtain 

{glg-^)\w,w)^{x,x) ~ 2'jTk5^''\w - x){gl g-^)\x,x) + 

+ ^^{dj'' + d{gJg-'f){x,x). (B.15) 
w — X 

Integrating over the location of the marginal operator and using the identities 

/ d^x- — = = - / cfx ,_ (B.16) 

J w — X J [w — xy 

j d^x^^^^-^ = 2Tr{gJg-^Y{w,w) , (B.17) 

we find the contraction 

{9Jg~y{w,w) ! = QiTk{g'Jg-'^f{w,w) - k [ d^x /_^^} . (B.18) 

J J yJJ X) 
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For the OPE of J"'{w) with the marginal operator, it turns out that both orderings lead to 
the same answer, so we only exhibit the following OPE: 

J\w) lim : r{y){gjg-\{x,x) : ~ lim + ^ ^ {gjg-\{x,x) 



y-^x: ' -.y^x: yy(^w — yf w — y 



w - y 
[w - yy 

+ J\glg-^Y : + : r{glg-y :)(x,x) 

w -y 

~ 2.k5^^\w - x)j\x) + (B.19) 

C Useful integrals 

We tabulate a few useful integrals that have been used throughout the article (see e.g. [29]): 



fx 



' {x — w) {x 


-A 


(fx 




(x — wY{x 


-z) 


(fx 




(x — w){x- 


-zY 


fx 




(x — wY{x - 


-zY 


fx 




{z — xY{w 


— x) 



-27rlog|z --wp (C.l) 

27r^^ (C.2) 

z — w 

-1^^— (C.3) 

z — w 



[ (- -if ^ = 4vr^'^(^^ - ^) (C.4) 

J [x — wY\x — zY 

z — w 
{z — wY 
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